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Tha  resistance  to  notion  i»o.  tho  prcasure  drop  in  fluids  when  passing  through 
a  pipe  bend  (figure)  has  boon  tho  sublet  of  nun:.rcou5  invoitl^Ucss  cir.co  tho 
work  of  U'oisbach#  His  results  show  such  a  vide  variation  that  it  i3  difficult  to 
fit  then  to  s  curve  or  to  represent  then  In  cn  empirical  formula.  All  that  la  definite 
is  that  tha  resistance,  for  a  pipe  of  circular  crocs-cscticn  with  c.  90®  bend,  is  a 
Bin lux  when  tho  ratio  of  tha  radius  of  tha  pipe  to  tha  average  radius  of  curvature  is 
approxiratoly  1/7  to  1/3, 

1,  It  tho  flew  is  in  a  dosed  circular  ring,  that  is  with  a  3^0°  bead,  a  potential 
notion  will  sot  in  -neglecting  wall  frictions  cording  to  tho  rolo 

»C  tt'jP  (1) 

whore  u,  u  are  tho  circuital  role  cities  and  r,  r  cro  tho  pertinent  trajccicry  radii# 
Even  flow  in  bends  of  enallcr  degree*/****  apr.rc.dnitoa  this  typo  of  cotica,  hov/ovor, 
without  being  able  to  attain  it  completely*  Tho  osno  is  true  also  fer  tho  radial 
pressure  increase  resulting  frea  the  centrifugal  accaLUrutioa,  which  fer  a  closed 
circular  sing  without  an  average  radial  velocity  is  given  by 
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Owherey  le  the  bulk  density  end  g  tho  accolcraticn  of  gravity#  Integration  of  this 
between  >,-2  ,  using  (1)#  gives  the  pressure  increase  tern  tho  inside  to  tha  outside# 
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This  can  also  be  written 
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or  with  the  approadnaticn  ^ 
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Flew  in  tho  cross-section  now  results  frea  this  1  rossuro  drop,  directed  toward  tho 
inner  eido  of  the  ring,  because  of  ths  cdhoeica  (to  tho  trull)  in  fchs  noighborhesi  cf  tho 
wall#  According  to  figure  I,  this  results  in  a  dcublo  vortox  duo  to  tho  bids  flew  in 
the  cantor#  This  fact  has  been  established  by  various  observers#  Tha  right  oido  of 
(£b)  ehoustho  vortex  energy  per  unit  ocas  fleeing  through  tho  ring#  This  energy  is 
eventually  ann-led  by  tho  inner  resistance,  which  produces  a  pressure  drop  in  tho 
direction  cf  flow  cf  an  aaouni  obtained  directly  froa  (2b)# 
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la  this  caee,  u  can  be  considered  no  tan  coon  velocity,  r  the  radius  of 
curv.buro  of  the  bead/ and  r  _r  *2a  ca  too  largest  viuth  of  tho  tend* a  cross* 
section  teuton  la  the  piano  o i  cation.  If  too  hand  consists  of  only  cne  ere 
there  is  not  a  ccaplete  fore  it  ion  cf  tha  UcJjlo  vortex  in  tho  entire  ere 
This  is  because  cf  the  transition  fres*  straight  flew  at  the  entrance  end  too  trana- 
freaaUen  bach  again  at  the  exit.  Therefore,  a  pressure  droy  das  to  vortex  foreaUca 
can  only  be  objected  to  bo 
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XX.  The  velocity  distribution  given  by  (1)  does  net  naturally  originate  at  the 
entrance  cross-section  end  accordingly  does  not  £0  into  on  identical  straight  flow 
at  the  exit.  Therefore,  the  vdu sst  lies  per  unit  tine  through  the  croee-sooiioa 
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or  approadaatlng  with 
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XXX.  Ift  it  thoffl ek*  radius  of  curvature  of  too  flew  linos  through  tho  center 
of  gravity  of  the  cross-section,  fens  and  h  the  radius  of  gyration,  then 
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in  order  that  the  »•-'*»  of  the  center  of  gravity  bo  perpendicular  to  tho  plane  of 
notion.  Using  this,  w  obtain  froo  (5a)  with  u.  u  i 

Thus  a  shifting  of  the  center  atroaa-Xino  toward  the  innorsida  is 
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freex  this,  with  finrhmfcs*  angle  of  cumturA'  ,  only  tho  expression 
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reaains.  This  produces  a  xiarra,.5j*g  of  tolT flc&^fcownrd  tho  inner  side  of  tho  bend, 
a  separation  fre  a  too  outer  side,  near  tho  entrance.  Opposite  circuastanc os  occur 
at  tho  exit.  Thus  tho  +.raauiUon  of  both  fares  of  flew  into  cno  another,  as  in 
the  figure,  isy  bo  found  apyroxUaitaly  at  tha  center  of  tho  b3ad.(arc).  Sach  flow 
separation  is  coobined  with  a  reverse  flew  at  tho  boundary  inside  a  vortex  layer. 
This  is  dearly  uoticsbla  (figure)  on  the  outside  at  tbs  entrance  sad  cn  toe  inside 
extending  from  the  center  to  the  exit  of  the  bend.  This  has  been  repeatedly  estab 
blishod  in  photographs  by  obaarvore.  This  outer  separation  Up  to  the  cantor  or  the 
bend  «nd  inner  separation  (froa  this  point  on)  of  too  flow  oaana  that  tho  procure 
drop  U)i*  most  pronounced  froa  the  outside  toward  the  inside  at  the  canter,  tho 
pressure  drop  strongly  dialaishss  after  tho  bend  and  vanishes  in  the  straight  flow. 
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Either  of  the 

7h»4uei  aw-»#i4««l*  fca&ff  bard,  flow  acpjsutioES  can  bo  coaaliarod  as  joint  parts 
(«mr  the  half  bend)  of  the  total  flow,  *ithar  aoporatloa  havitig  a  uoporaiica 
angle—  ,  walsh  veins  (6a)  can  bo  obtained  fr^i 
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Xn  separating  a  velocity  change  f.xa  u0  to  i>  colors  in  du>  crcij^aosuicna 
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However,  according  to  the  theory  of  flew  separation,  this  change  er.ta.Uo  a 
pressure  increase1} 
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flie  effective  portion  of  this  involving  tanr*  gives 
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which  is  the  pressure  loss  resulting  purely  frua  separation  of  flow*  However, 
using  (S),  ve  nay  write 
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thus,  considering  (7),  (10)  beccooo  v  A  “  U  A* 
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which  may  therefore  be  neglected  as  being  of  second  order  in  cot^arUica  with 
the  pressure  drop  (4)* 

27*  Finally  in  connection  with  the  rcaaining  vortex.  Iocs  (4),  the  pressure  drop 
which  wost  ovoroowe  the  turbulent  wall  friction  is 
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whored  ie  the  roughness  coefficient*  let  us  add  this  to  (4),  *0  that  the 
total  pressure  lose  in  the  eumi  tube  is 
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with  a  alniaia  value  c 
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If  Meriabtttteyffcwgbesiw  we  set  £  o.d  «a  tbs  roughness  of  corresponding  oast 
iron  pipes,  then  ” 
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for  a  vdi4«n  v«lue  nfi  p  ,  which  is  is  eoaplets  agreesent  with  tho  results 
reached  by  Brlghtnore  and  Davier 
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and  lb  plao«  of  (12) 


This  provides  tho  following  table  for  when,.-  '■  ?  0.01# 

r/a  1  2  3  4  6  d  10 

2,03  1*063  0,761  G&5 
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For  the  cost  useful  quarUr-circlo  beads  or  elbows,  then  With 

0,JTJ/  <9.3/3  O.-Z.60  0.13-0  0.2.sy 

Tboxtforo  those  numerical  vcluca  are  entirely  within  the  ran^e  of  oboorvable  values* 
Thjry  show  a  very  strong  rise  with  an  increase  of  a/r  and  thus  confirm  the  great 
iaXlucr.ee  of  the  double  vertex  in  the  crosc*s«ctien* 
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